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SUMMARY 
Two f i n i t e  element procedures a re  described for predicting the dynamic response 
of general 3-D f lu id- f i l led  e l a s t i c  piping systems. The f i r s t  approach, a low 
frequency procedure, models each s t r a igh t  pipe or elbow a s  a sequence of beans. ?he 
contained f lu id  is  modeled as  a separate coincident sequence of axia l  rnanbers (rods)  
which are t ied to  the pipe i n  the l a t e r a l  direct ion.  llie model includes the pipe 
hoop s t r a i n  correction t o  the f lu id  sound speed and the f l e x i b i l i t y  fac tor  correction 
to the elbow f l ex ib i l i t y .  The second modeling approach, an intermediate frequency 
procedure, follows generally the or ig ina l  Zienkiewicz-Newton sctieine for  coupled 
fluid-structure problems except tha t  the velocity potent ial  is used as  the  
fundamental f lu id  unknown t o  symlnetrize the caef f ic ient  matrices. From comparisons 
of the beam iaodel predictions t o  both experilnental data arid the 3-D model, the beam 
model is validated fo r  frequencies up t o  about two-thirds of the lowest f lu id - f i l l ed  
lobar pipe rnode. Accurate elbow f l e x i b i l i t y  fac tors  a re  seen t o  be cruc ia l  for  
e f fec t ive  beam modeling of piping systems. 
. . INTRODUCTION 
C 'he vibrations tha t  occur i n  f lu id- f i l led  piping systems are  of in t e res t  i n  a 
variety of indus t r i a l ,  a i r c r a f t ,  and shipboard applicat ions.  The in teres t ing  dynamic 
behavior includes both water hamner ( a  t rans ient  phenanenon) and the steady-state 
(time-harmonic) vibrations cdused b y  unbalanced rotatirig machinery such a s  pumps, for  
example. 
Over 30 years ago, Callaway, Tyzzer, and Hardy (Ref. 1) recognized i n  t he i r  
experimental wcrk the importance of the coupling between the vibrat ions of the l iquid  
and the pipe wali,  even for nominally s t r a igh t  pipes. Since then, a number of 
invest igators  have proposed various techniques of rnathenatical ~nrldeling for desigtl 
ar.d analysis purposes. 
Most of these techniques have been res t r ic ted  t o  s t r a igh t  pipes. Some receni 
work, for example, was reported by El-Raheb (Ref. 2,3), who analyzed the  acoust ic  
propagation in a per fec t ,  f i n i t e  length,  f lu id- f i l led  , thin e l a s t i c  cyl indr ica l  
she l l .  El-Raheb obtained eigenfunction expansions for Koi t e r ' s  consistent  she l l  
equations and the Helmholtz equation governing the f lu id  f i e ld  . 
There have also bee9 sane f i n i t e  elenent analyses of 2-D f lu id  cav i t i e s  of 
general shape (Ref. 4.5). These approaches, however. avoid the f luid-structure 
' coupling by requiring as input the impedance of the pipe wall. 
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There has  been r e l a t i v e l y  1 t t l e  f l u i  - s t r u c t u r e  i n t e r a c t i o n  work invo lv ing  
g e n e r a l  3-D p i p i n g  s y s t a n s  c o n ~ a i n i n ~  j o i n t s  such  a s  elbows and tees. 'he f i r s t  such  
a n a l y s e s  weqe krobably  performed by h v i d s o n ,  Stni th,  and Slrnsury (Re f .  6.7). 
TIley recogni , ied  t h a t  a' s i m p l i f i e d  beau model shou ld  s u f f i c e  f o r  t h e  r e l a t i v e l y  low 
f r e q u e n c r e s  which a r e  o f t e n  o f  i n t e r e s t .  Low f r equency  dynamic behav io r  is chardc-  
t e r i z e d  by p i p e s  whicti respond o n l y  i n  t h e i r  bean ( r a t h e r  t h a n  l o b a r )  modes b.,; by 
f l u i d  wavelengths which a r e  l a r $ e  caapared  t o  t h e  p i p e  d i a ~ n e t e r .  Thus, f o r  such 
s i t u a t i o n s ,  ttie f l u i d  wave p ropaga t ion  t h r o  yt~ t h e  p i p e s  is e s s e r i t i a l l y  p l ana r .  This  
p rocedure ,  a l t hough  f u l l y  g e n e r a l  i n  c o n c e p t ,  was i ~ n p l e ~ a e n t e d  i n  a s p e c i a l  purpose  
cunputer  program l i ~ o i t e d  a s  t o  t h e  g e n e r a l i t y  and s i z e  o f  p rob lans  which cou ld  be 
handled.  
'he same assumpt ions  formed t h e  b a s i s  o f  a f i n i t e  eleraent p rocedure  developed by 
Howlett (Ref. 8 )  f o r  a i r c r a f t  h y d r a u l i c  systems.  This  procedure modeled t h e  f l u i d  
i n s i d e  t h e  p ipe  a s  a  bean having  zero  bending s t i f f n e s s .  Elbows and tees u e r e  n o t  
modeled e x p l i c i t l y .  I n s t e a d ,  c a a p a t i b i l i t y  a t  a  j o i n t  (elbow o r  tee) was en fo rced  a s  
an a d d i t i o n a l  c o n s t r a i n t  r e q u i r i n g  t h e  c o n s e r v a t i o n  o f  f l u i d  raass p a s s i n g  th rough  t h e  
l o i n t  . Pr  !bwlett a n a l y s e s ,  however, a p p a r e n t l y  m i t t e d  two e s s e n t i a l  i n g r e d i e n t s  : 
( 1 wle c o r r e c t i o n  t o  t h e  f l u i d  sound speed  t o  accoun t  f o r  t h e  e l a s t i c i t y  o f  t h e  p ipe  
w a l l s ,  and (?I t h e  f l e x i b i l i t y  f a c t o r  c o r r e c t i o n  f o r  t h e  elbows t o  accoun t  f o r  t h e  
f a c t  t h a t  curved p i p e s  a r e  c o n s i d e r a b l y  more f l e x i b l e  t han  s t r a i g h t  p i p e s  o f  t h e  same 
c r o s s  s e c t i o n  (Hef. 9 ) .  
More r e c e n t l y ,  t h e  t r a n s f e r  ma t r ix  appro act^ was used by El-Haheb (Hef. 10)  
t o  c a l c u l a t e  t h e  bearn-type d y n a a i c  r e sponse  o f  3-D m u l t i p l a n e  p i p i n g  systerns c o n s i s t -  
i n g  o f  s t r a i g h t  s e c t i o n s  and elbows. Une o f  El-Raheb's c o n c l u s i o n s  was t h a t  t h e  one- 
d imens ional  a c o u s t i c  a s s u a p t i o n  is v a l i d  f o r  f r e q u e n c i e s  up t o  abou t  one-half  t h e  
f requency  o f  t h e  l owes t  a c o u s t i c  mode having  two waves around t h e  c i r c u n f e r e n c e  
(n=2)  . 
Schwir ian  and Karabin (Hef . 11 ) developed ano the r  f i n i t e  e lement  p rocedure  which 
was s i m i l a r  t o  Howle t t ' s  (Ref. 8)  excep t  t h a t  t h e  f l u i d  i n s i d e  an elbow was 
appa ren t1  y modeled wi th  a  s i n g l e  s t r a i g h t  a x i a l  loaaber ("spar t t  e leraent)  wi th  
f i c t i t i o u s  p r o p e r t i e s  a s s igned  t o  s i m u l a t e  p r o p e r l y  t h e  f l u i d  mass and c a n p r e s s i -  
b i l i t y .  'Illis rr~odel a l s o  i nc luded  t h e  p i p e  hoop s t r a i n  c o r r e c t i o n  t o  t h e  f l u i d  sound 
speed and t h e  f l e x i b i i i t y  f a c t o r  c o r r e c t i o n  t o  t h e  elbow f l e x i b i l i t y .  No experiraen- 
t a l  v a l i d a t i o n  o f  t h e  model was i nc luded  i n  t h e  paper .  
Che a d d i t i o n a l  modeling procedure  was formula ted  by H a t f i e l d  and Wiggert  (Ref. 
12) .  They used a t r a n s f e r  f u n c t i o n  approach  i n v o l v i n g  s e p a r a t e  a n a l y s e s  o f  l i q u i d  
and s o l i d  canponents ,  fol lowed by s y n t h e s i s  o f  t h e  canponent  s o l u t i o n s .  l l ~ e  schalle 
was v a l i d a t e d  f o r  p l a n a r  p i p i n g  s y s t e m s  by comparison w i t h  exper i rnenta l  d a t a .  
In g e n e r a l ,  beam tnodels o f  f l u i d - f i l l e d  e l a s t i c  p i p i n g  sys tems arc? very  a t t r a c -  
t i v e  because  o f  t h e i r  s i m p l i c i t y .  F i n i t e  e lement  approaches  have  t h e  added f e a t u r e  
of  a l l owing  e s s e n t i a l l y  a r b i t r a r y  s p e c i f i c a t i o n  o f  g e a a e t r y ,  boundary c o n d i t i o n s  , 
l o a d i n g s ,  and o u t p u t  r e q u e s t s .  In  a d d i t i o n ,  f i n i t e  e lement  models o f  p i p i n g  sys t ems  
can e a s i l y  be caobined with rnodels o f  t h e  s u p p o r t  s t r u c t u r e .  
III t h i s  p a p e r ,  we w i l l  d eve lop  f u r t h e r  t h e  f i n i t e  e lement  approach f o r  low f r e -  
quency p r e d i c t i c n  by combining i d e a s  from t h e  p a p e r s  j u s t  mentioned.  Our model i s  
matherna t ica l ly  e q u i v a l e n t  t o  t h e  kvidson-Sraith-Sarnsur y model (Hef . 6, '0, a non- 
f i n i t e  e l a o e n t  approach.  Our roodeling scheae  is s i m i l a r  t o  t h o s e  o f  Howlet t  (Ref. 8) 
and Schwirian and Karabin (Re f .  11) excep t  c h a t  we model elbows e x p l i c i t l y  by a  po- 
l y g o n a l  s e t  o f  beam e l a o e n t s  f o r  t h e  p i p e  and a x i a l  laembers f o r  t h e  f l u i d .  We w i l l  
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a l ~ o  show the imprtance of assigning the  correct  f l e x i b i l i t y  fac tors  t o  the elbows- 
( I n  general,  lnost c l a s s i ca l  [deans of calculating f l e x i b i l i t y  fac tors  a re  not adequate 
for elbows with s t r a igh t  pip': extetisions a t  the ends (Ref. 1 , l  The toodeling 
approach w i l l  be validated i n  two ways. F i r s t ,  for a simple planar system, ~CUwari- 
sons w i l l  be made w i t h  both experi~ne~ltal  data and a general 3-D f i n i t e  ele~oent model 
which mo9els the pipe as  a she l l  and ttie contained fluid with 3-D f l u i d  f i n i t e  
elements. Second, for  a cotoylex []on-planar systern, canparisons xi11 be made between 
a beam solution and a general 3 - D  f i n i t e  element solution. Since the l a t t e r  includes 
t h e  essent ia l  physics of the fully-coupled problem. it provides a good t e s t  f o r  the 
approx b a t e  tnodels . 
:. 
'he 3-D f i n i i e  element solut ions t o  be presented use the generally c l a s s i ca l  
procedures which 2volved from the work of Zienkiewicz and Newton (Ref. 15). In  our 
analyses, we make use of the recent improvement (Ref. 16) which shows how t o  obtain 
symet r i c  matrix equations. 
L O W  FREQUENC Y BEAM MODEL 
For low frequency d ynaaic excittition of f luid-f i l l e d  e l a s t i c  piping s y s t e m s ,  the 
pipes respond only i n  t he i r  beam (rather  than lobar)  modes, and the wave p r o ~ a g a t i o r  
in the f l u i d  coluon is essent ia l ly  planar. It is assuried e i the r  tha t  the f lu id  is 
i n i t i a l l y  a t  r e s t .  or that  t h e  averade flow speed is  so srnall compared t o  the sound 
speed tha t  the acoustic response is unaffected. 'Ihe f luid-structure coupling i s  
assumed t o  occur only a t  pipe bends arid ottier jo in ts .  Thus, the f lu id  is  allowed t o  
s l ide  without f r ic t ion  i n  s t r a igh t  sect ions of pipe. 'he c i rcular  pipe cross section 
is assumed t o  remain c i rcular .  Tile equation s a t i s f i e d  b y  e i ther  the f lu id  pressure 
or the axial  caoponent of f l u i d  dlsplacer~ent i s  the scalar  wave equation; thus the 
f luid can be m>deled by an axia l  s t ruc turdl  rnenber ( rod) . 
Finite  elaoent ~nodels a re  prepared using t h e  following yroced ure: Beam elements 
a re  used t o  model both the s t r a igh t  sections and the elbows. If s t r a igh t  bean 
e l a e n t s  a re  used, a m i n i m u m  of three elenents is recomaended (on the basis of sane 
nunerical tes t ing)  for YO-degree bends, regardless of ttie spacing of grid points  i n  
adjacent s t r a igh t  sections. I n  s t r a igh t  sect ions,  the grid point spacing is dictated 
by the  need fo r  accurate normal modes of  vibratiorl i n  the frequency range of 
in teres t .  
Since a pipe bend is more f lex ib le  than an equivalent length of s t r a igh t  pipe, 
the mments of ine r t i a  for the beam elanents i n  each elbow should be divided by the 
appropriate f l e x i b i l i t y  fac tor .  For piping systerns w i t h  s t r a igh t  sect ions not 
s igni f icant ly  longer than the arc lengths of the elbows, the  elbow s t i f f n e s s  plays an 
important role  i n  the dynamic response and r o u s t  be accurately modeled. Thus the 
f l e x i b i l i t y  factors  assigned to  each elbow should apply to  the elbow as  it is 
configured i n  the piping systern. I n  pa r t i cu la r ,  the f l e x i b i l i t y  fac tors  f o r  YO- 
degree elbows w i t h  s t r a igh t  pipe extensions are sens i t ive  t o  the  length of those 
extensions (Ref. 13,14 1. A s  shown b y  (luezon and Everstine (Ref. 14 1, idealized 
approaches such as those used i n  the ELBOW canputer prodran (Ref. 17) are  general ly 
not adequate for  predicting the f l e x i b i l i t y  fac tors  of 90-degree elbows w i t h  s t r a i g h t  
pipe ex tensions. 
For the acoustic f lu id  inside the pipe, a duplicate  s e t  of grid points is 
defined to  coincide w i t h  the pipe grid points. lhe f l u i d  is modeled w i t h  e l a s t i c  rod 
- elernents (soraetirnes called s p a r s ) ,  whicti are equivalent to  beam elernents with zero 
f l e x u r a l  and t o r s i o n a l  s t i f f n e s s .  These  e l e m e n t s  a r e  a s s i g n e d  t h e  a c t u a l  mass  
d e n s i t y  p f o r  the f l u i d  ant' a  Yobng's rnodulus E d i v e n  by 
a 
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In E q u a t i o n  ( I ) ,  c ,  t h e  e f f e c t i v e  m u n d  s p e e d  i n  a  f l u i d  c o l u n n  c o n t a i n e d  i n  an 
e l a s t i c  c i r c u l a r  t h i n - w a l l e d  p i p e ,  is o b t a i n e d  frorn 
where B i s  t h e  f l u i d  b u l k  modulus o f  e l a s t i c i t y ,  P is  t h e  f l u i d  mass  d e n s i t y ,  D i s  
t h e  mean d i a n e c e r  o f  t h e  p i p e ,  E is t h e  Young's ~ n o d u l u s  o f  t h e  p i p e  m a t e r i a l ,  and t 
s i s  t i l e  p i p e  w a l l  t h i c h ~ e s s .  S i n c e  t h e  numera tor  i n  E q u a t i o n  ( 2 )  is t h e  a c t u a l  s p e e d  
of s u n d  i n  t h e  f l u i d ,  t h e  d e n a n i n a t o r  (which  is a l w a y s  g r e a t e r  t h z n  u n i t y )  is t h e  
c o r r e c t i v e  f a c t o r  which a c c o u n t s  f o r  t h e  e l a s t i c i t y  o f  the p i p e .  T h i s  c o r r e c t i o n  is  
well known (Ref .  I d ) ;  a c c o r d i n g  t o  Krause,  Cioldani th ,  and Saclanan (Ref. 191, t h i s  
r e l a t i o n  was first d e r i v e d  by Joukowsky (Ref. 20)  o v e r  dO y e a r s  a g o .  E q u a t i o n s  ( 1 )  
and (2) can be c a n b i n e d  t o  y i e l d  
?he f l u i d ,  which is modeled w i t h  a x i a l  members,  musL have  o n l y  o n e  i n d e p e n d e n t  
d e d r e e  o f  freedoin (DOF) a t  ;\act] g r i d  p o i n t .  The t h r e e  r o t a t i o n a l  UOF a r e  r e s t r a i n e d  
a t  a l l  f lu ic i  p o i n t s .  Both t r a n s v e r s e  t r a n s l a t i o n a l  DOF a t  e a c h  f l u i d  p o i n t  a r e  con- 
st r a i n e d  ( u s i n g  rnul t i p o i n t  c o n s t r a i n t s  o r  r i g i d  l i n k s )  t o  iflove w i t h  t h e  c o r r e s p o n d i n g  
s t r u c t u r a l  p o i n t .  l l ~ e  o n l y  r e n a i n i n g  DOF, t h e  a x i a l  DOF, is free t o  s l i d e  r e l a t i v e  
t o  t h e  beam. These c o n s t r a i n t s  are a p p l i c a b l e  i n  b o t h  t h e  s t r a i g t l t  s e c t i o n s  and tile 
elbows.  It is t h e r e f o r e  c o n v e n i e n t  t o  d e f i n e  f o r  e a c h  elbow a  s e p a r a t e  c y l i n d r i c a l  
c o o r d i n a t e  systern whose a x i s  is p e r p e n d i c u l a r  t o  t h e  p l d n e  of t h e  e lbow and i n t e r -  
sects t h e  c e n t e r  o f  c u r v a t u r e .  For e lbows ,  t h e  i n d e p e n d e n t  DOF is t h u s  t h e  az i rnu t t i a l  
t r a n s l a t i o n .  For  e a c h  s t r a i g h t  s e c t i o n ,  it is c o n v e n i e n t  t o  d e f i n e  a  s e p a r a t e  
C a r t e s i a n  sys tem w i t h  o n e  a x i s  c o i n c i d e n t  w i t h  t h e  p i p e  a x i s .  It is  emphasized t h a t  
t h e  s i n g l e  i n d e p e n d e n t  f l u i d  unknown i s  t h e  a x i a l  d i s p l a c e n e n t ,  n o t  t h e  p r e s s u r e .  
The f l u i d  p r e s s u r e  can be r e c o v e r e d  from t h e  f i n i t e  e l e m e n t  program i n  t h e  u s u a l  way 
by  r e q u e s t i n g  t h a t  stresses i n  t h e  f l u i d  e l e m e n t s  be c a l c u l a t e d  and p r i n t e d .  
The mode l ing  of  f l u i d - f i l l e d  tees is h a n d l e d  d i f f e r e n t l y  frm t h a t  o f  e lbows .  
S i n c e  f l u i d  e n t e r i n g  o n e  l e g  of a tee c a n  f l o w  o u t  b o t h  o f  t h e  o t h e r  two b r a n c h e s ,  
t h e  p rocedure  rnust e n s u r e  t h a t  t h e  t o t a l  f l u i d  mass  f l o w i n g  i n t o  o n e  b r a n c h  o f  t h e  
j o i n t  e q u a l s  t h e  t o t a l  rnass f l o w i n g  o u t  ttie o t h e r  two b r a n c h e s  (Ref. 8). ( T h i s  ccn-  
d i t i o n  is a u t m a t i c a l l y  s a t i s f i e d  f o r  a n  e lbow,  a  tw-branch j o i n t . )  In  t h e  f i n i t e  
e l e m e n t  model ,  we d e f i n e  a t  t h e  i n t e r s e c t i o n  o f  t h e  tee b r a n c h e s  o n e  s t r u c t u r d l  g r i d  
p o i n t  and t h r e e  f l u i d  g r i d  p i n t s ,  a s  shown i n  F i d u r e  1. A s  w i t h  o t h e r  f l u i d  g r i d  
p o i n t s  i n  t h e  s y s t e m ,  e a c h  o f  t h e s e  t h r e e  p o i n t s  i s  p e r m i t t e d  t o  rnove o n l y  i n  t h e  
a x i a l  d i r e c t i o n  f o r  t h e  b r a n c h  i n  which it lies.  I n  a d d i t i o n ,  t h e  t h r e e  a x i a l  DOF 
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Figure 1 - Low Frequency Model of Piping Tee 
tre not independent (because of conservation of mass) and m u s t  s a t i s f y  the re la t ion  
he re  ui and 5. are  +he axial canponents of s t ruc tura l  and f luid displacements, re- 
.pectively, an3 A. is the f lu id  cross-sectional area fo r  branch i of the tee .  
'hus, a t e e  introduces two independent f luid DOF in to  the model. 
A s  w i t h  elbows, f l e x i b i l i t y  fac tors  should be used w i t h  the bean elements which 
lode1 the tee.  Unfortunately, even l e s s  is known about tee  f l e x i b i l i t i e s  than about 
!lbow f l e x i b i l i t i e s .  ' h e  procedure tha t  we f ind convenient fo r  co~nputiny t ee  f lexi-  
o i l i t i e s  is t o  yerforrn a separate f i n i t e  elaaent analysis  for a tee  modeled a s  a 
1 1  nlis analysis can be eas i ly  made since a t ee  data generation program (Ref. 
11) has been interfaced w i t h  NASTHAN by Quezon (Ref. 22) so t h a t ,  given a few basic 
. arameters, an analysis  can be perfonfled w i t h i n  a few hours. No tees  are  included in 
,he examples i n  t h i s  report.  
; Damping i n  the piping system can be d i r e c t l y  incorporated i n  the f i n i t e  element 
'ode1 by entering the dartiping los s  fac tor  as a material damping constant,  which 
i e su l t s  in  complex material moduli. 
-- 
i 
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Because of the versa t i l i ty  of f i n i t e  element computer codes, various boundary 
oonditions on the fluid coluan are p s s i b l e .  A t  a free surface (where the pressure 
vanishes), the f luid W)F ( the  axial displace~aent) is l e f t  f r ee ,  a natural boundary 
condition. A t  a fixed boundary, the rnknown is restrained. If the pipe modeled is 
part of a very long system , i n  which case a non-reflecting fluid k *  undary is needed, 
the plane f l u i d  waves can be absorbed by attaching t o  the f l u i d  DOF a dashpot whose 
constant ( r a t i o  of axial force t o  velocity) is PcA, where p is the fluid mass 
density, c is the effective sound speed as given by Equation (21, and A is the cross- 
sectional area of the fluid colunn. For a pipe that  opens into a large volwne of 
fluid (e.g., the sea) ,  the appropriate boundary condition is that  of a piston i n  an 
in f in i t e  baffle (Ref. 231, in which case the scalar  added mass 
i s  applied, where p is the fluid mass density and 'a '  is the radius of the oyening. 
For a pipe wi th  a closed end, the axial f l u i d  disylaceoent a t  the end i s  t ied t o  the 
axial  structural  disylace~nent using a multipoint constraint equation or rigid l i n k .  
The beam model j u s t  described can be applied using most general purpose f i n i t e  
element structural  analysis codes without ~oodification. Tile analysis is performed i n  
a single pass w i t h  the fluid-structure coupling included i n  the loodel. The resulting 
model has seven independent degrees of freedola a t  each grid point location, s i x  for  
the pipe and one for the axial canponent of fluid disylaceioent. For matrix bandwidth 
reasons, each fluid grid point should be sequenced adjacent to  its corresponding 
structural  point. llie major l i~o i ta t ion  of the !node1 is frequency: t h i s  is a low 
frequency model. More w i l l  be said about t h i s  limitation l a t e r .  
INTERMEDIATE FREQUENCY 3-D MODEL 
For the dynamic response prediction of piping systems a t  frequencies for which 
beam models are not valid, general three-dimensional f i n i t e  element models are  
required. In  general, t h i s  approach models the pipe wi th  shell  elements and the con- 
tained fluid wi th  3-D acoustic f i n i t e  eleroents. Thus the pipe need not respond only 
as a beam (for which the cross sections are r i g id ) ,  and non-planar fluid response is 
allowed. Such a loodel generally requires thousands of degrees of freed-, even for 
simple piping sys t ems .  l l ~ u s ,  although j-D models may find only limited use (given 
current canputin$ power), it is worthwhile t o  describe the model's formulation and 
demonstrate i ts application. A 3-D model is part icularly useful for validating 
approxicpate models such as beam models since the l imitat ions of the approximate model 
can then be determined. l l ~ e  purpoze of t h i s  section is  t o  describe the general 3-D 
f i n i t e  elaoent lnodelin~~ of non-ylanar fluid-filled e l a s t i c  piping systems. We are 
not aware of any previous f i n i t e  element analyses of the size t o  be considered here 
for the fully-coupled fluid-str ucture problem. 
kst general f i n i t e  element work involving an e l a s t i c  structure coupled t o  
an acoustic f l u i d  ( fo r  which the f luid pressure s a t i s f i e s  the wave equation) can be 
traced t o  the work of Zienkiewicz and Newton (Ref. 15 1. In the i r  work and i n  many 
subsequent papers by others, the fundaaental fluid rnknown was taken t o  be the 
pressure. A few investigators (e.g., Hamdi, Ousset , and Verchery (Ref. 24)) selected 
the fluid disylacanent as ttie unknorm. 
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Everstine (Ref. 25-27 ) showed how general purpose structural  analysis aodes 
I 
. could be used,  without modification, to  solve the c-on f ie ld  equations arising i n  
, . mathematical physics (including the wave and Helmholtz equations of acoustics). He 
i 
! + also showed how the codes could be used t o  solve mixed f ie ld  problms suoh as coupled 
1 structural-acoustic problems. 
'. 
More recently, he showed (Ref. 16) t ha t ,  i f  the coupled fluid-structure problem 
were formulated with velocity potential rather than pressure as the fundmental f luid 
unknown, the nonsyulmetric matrices of the pressure formulation would be symetr ic .  
I .  
For sane situations, including steady-state problems involving dmped systsms ( which 
i; ' are of interest  here),  s ignificant  computational advantages resul t .  
! If both fluid and structure are modeled wi th  f i n i t e  elements, the followin(l 
matrix equation ar ises  (Ref. 16.28): 
I' 
where 4, the fundanental urknown i n  the f luid,  is the time integral  of pressure 
C 
, and hence proportional t o  the velocity potential.  rile unbown q is a vector with a 
_s ingle  rnknoun a t  each f l u i d  mesh point. In  Equation (61, u is the vector of d i s -  
:placement components i n  the structure,  M and U are the mass matrices for the strut- 
-+, 
; ture and fluid,  K and H are the s t i f fness  matrices for the structure and fluid, A is 
. 
!-the area matrix h i c h  converts fluid pressure a t  interface points t o  s t ructural  
loads, B and C are the damping matrices for the structure and f l u i d ,  and f and f2  
. - are the structural  and fluid applied loads. If the pressure gradient (or equiva- 
~. lently,  f l u i d  motion) is specified a t  a fluid boundary, f takes the form 
h e r e  A is the area matrix for the boundary surface. I n  Equation (61, the required 
nlnateri81 constantstt for the f luid elements are  
where lie, Ee,  and p are ,  respectively, the "shear modulus ," ItYoungts modulus," 
and "mass densityn 8ssigned to the f luid f i n i t e  elanents (Ref. 16.28) . 
In the fluid-filled piping systems of in teres t  hers, damping is introduced 
by specifying an overall system loss factor. I n  that  case, the matrices K and H i n  
. Equation ( 6 )  are complex, and B = C = 0. The loss factor TI, i f  uoifor~n, is given by 
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A l l  matrices i n  Equation (6) except A are  automatically formed b y  the f i n i t e  
element program once the elements are  defined. The area matrix A has nonzeros only 
a t  rows and coluans corresponding t o  interface degrees of freedom. For p:.ping 
systems uhioh involve only cylinders and t o r i ,  the area contribution a t  each point i s  
eas i ly  calculated analytical ly,  so that  A can be generated by an automatic data 
generation preprocessor. 
This f i n i t e  element scheme can be implemented on any general purpose struct1,ral 
code which allows the user t o  enter matrix elenents d i rec t ly  fraa the input str:am. 
We used NASTRAN for  the analyses described i n  this paper. 
EXAMPLE 1: A PLANAH PIPING SYSTEM 
The fonnulations described i n  the preceding sections w i l l  be illus'.rated f i r s t  
on a simple planar piping system for which experi~oental data are available (Ref. 6 ) .  
l h i s  system, shown i n  Figure 2, consists of two s t ra ight  sections of stanaard 4-inch 
cbpper-nickel pipe connected by an elbow. The system is  f i l l e d  cac2letely wich l u -  
bricating o i l .  Table 1 surmnarizes the pertinent properties of the system. 
FREE END; 
FREE SURFACE FOR OIL \ 
PIPE FIXED; 
OIL DRIVEN BY PISTON 
J f+ 4" A I 
1 
-- - 
A r-w-I NOT TO SCALE 
Figure 2 - Planar Piping System 
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TABLE 1 - CHARACTERISTICS OF PLANAR PIPING SYSTEM OF POOR QUALITY 
Pipe (4-inch 70-30 Cu-Ni )  
outs ide diameter (0. D. 1 
minirnun wall thickness  
norn inal  wall thickness 
Yo ungt s lood u l u s  
Poissont s r a t i o  
weight aensi ty  
Elbow 
bend radius (R) 
bend angle 
4.5 i n  
0.203 i n  
0.232 i n  
22,000,000 psi 
0.294 
0.323 l b / i n  3 
4 i n  
90 degrees 
I q u i d  (2190 T E P  o i l '  
actual bulk modulus 282,000 ps i  
i e f f ec t ive  bulk loodulus i n  pipe 228,000 psi 
weidht densi ty  0.0315 lb / in  
%. As seen i n  Figure 2, one end of the pipe was f ixed,  and the f lu id  was driven by 
? a  piston designed t o  exc i t e  only the  f l u i d .  The other end of the system wds f r e e .  
\lea:%uraoents (Ref. 6 )  included the f lu id  pressure a t  the  pis ton and the frlplane com- 
,,orients of s t ruc tu ra l  veloci ty  a t  t h e  f r e e  end. 
Both beam and 3-D faodels were prepared for  t h i s  piping s y s t e m  using the f i n i t e  
?le~nent approaches described i n  t he  preceding sec t ion .  The beam model consisted of 
;en beam elanents i n  each s t r a i g h t  sec t ion  and eight  e lanents  i n  the  elbow. For t h i s  
2-D problem, each f lu id  and s t r u c t u r d l  g - i d  point l ~ a d ,  respect ively,  one dnd t;kiree 
legrees of freedan (DOF). The beam model thus had 112 bOF. The elbow f l e x i b i l i t y  
Pactor used f o r  the beam ana lys i s  was 8. 14, which was cornputed by the tLUW colnyuter 
program (Ref. 17) . For inylane loanent loads on elbows with long s t r a i g h t  sec t ioas  , 
:LBCXJ ha:: been shown t o  be s a t i s f a c t o r y ,  although it does overestilnate t'ae f l e x i b i l -  
~ t y  fac tors  s l i gh t ly  (Ref. 14).  
The mesh used f a r  the j-D model i s  shown i n  Figure j. The s t r u c t u r a l  element 
~ s e d  is a low-order four-node quadr i l a t e r a l  yl ?LC (NASTRAIJ 'S  QUAD21 . Because of 
jymr~etry, only ha l f  o f  the circumferer~ce (180 degrees; was modeled. The model had 
..en elanents i n  the c i rcunferent ia l  d i r ec t ion ,  19 elaoents  lo ry i tud ina l ly  i n  each 
; t r a igh t  sec t ion ,  and n i n e  elements i n  t he  elbow. The dry pipe thus had dbout 2800 
. )OF. A s  shown i n  Figure 3, the f l u id  f i n i t e  elanent rnesh had two elaoents  ( a  con- 
; tan t  s t r a i n  wedge and an eidht-node isoparalnetric hexahedron) in  the r ad i a l  direc-  
.ioc between the center of the pipe and the s h e l l .  With the f lu id  added, the s l ze  of' 
;ne j-D modei increased t o  about 3900 LNF. 
'he  assutned uniform loss  fac tor  used f o r  a l l  ca lcu la t ions  f o r  t h i s  piping system 
das 0.0262, independent of frequency. This value was selected on the basis  of pre- 
lious experimental e x p e r i e ~ c e  with s imi la r  systelns. 
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(b) Fluid Fini te  Element Mesh i n  Cross Section 
(a )  Dry Pipe 
Figure j - Fin i t e  iilerne~lt I.lodel of Planar Piping Systero 
The re su l t s  of the analyses of t h i s  system are shown i n  Figilres 4 and 5 over the 
frequency range 10 Hz t o  10,000 Hz. Mobility responses ictie r a t i o  uf veioaity re- 
sponse t o  driving force) are shown for both analy t ica l  models and the Davidson-Bnith 
experimental data (Ref. 6). 
' he  two analy t ica l  so lu t io r~s  shown i n  Figures 4 dod 5 are i n  reasonably good 
agreement even for frequencies above the f i r s t  lobar ( n z 2 )  frequency, where the modal 
densi ty i s  high. rile n=2 lobar frequency for a long pipe can be estimated from the  I I 
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Figure 4 - Mobility of Planar Piping System: Transverse Response clC Free End 
c lass ica l  formllla (Ref. 29) for the plane s t ra in  vibrations of a r ing. FOI- a dry 
r ing,  the lowest n=2 frequency is 
where E , p , and V are ,  respectively, the Young's raodulus, mass density, and 
Fbissonts r f t i o  for the pipe materiel, t i s  the wall thickness, and r is tire mean 
radius. Thus, f r m  Equation ( l o ) ,  for U-inch Cu-Ni p i p ,  the lowest n=2 ' obar laode 
occurs a t  about 1066 Hz for dry pipe. 
10 
1 
f 0.1 
r4 
\ 
C 
4 
5 
4 
r( 
4 
0 
S 
lo4 
- Beam M e 1  
..... 3-D M e 1  
- - - m r h e n t  (Ref. 6) 
Figure 5 - Mobi l i t y  o f  Planar Piping System; Axial  Hesponse a t  Free End 
The corresponding f l u i d - f i l l e d  frequency can be es t imated  i f  p in Equation ( 10) . 
S i s  replaced by t h e  e f f e c t i v e  densi ty  p f o r  t h e  s t r u c t u r e - f l u i d  cornbination; 
e f f  
where p i s  t h e  f l u i d  mass d e n s i t y .  W i t : .  + ,his  c o r r e c t i o n ,  t h e  lowest  n=2 lobar t're- 
quency for o i l - f i l l e d  4-inch Cu-Ni p!p.  about 888 Hz. 
1 i 
i 
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Although t h e  r e s u l t s  f o r  t h e  p l a n a r  s y s t e m  show good a g r e e b e n t  between t h e  bean  
r e s u l t s  and b o t h  t h e  3-D r e s u l t s  and t h e  e x p e r i m e n t a l  d a t a ,  t h i s  p l a n a r  s y s t e ~ a  d o e s  
n o t  p r o v i d e  an  a d e q u a t e  t e s t  o f  a bean roodel. One d i f f i c u l t y  which a r i s e s  w i t h  
non-p lanar  s y s t e m s  is t h a t  tire f l e x i b i l i t y  f a c t o r  k is h a r d  t o  c a l c u l a t e .  A l t h o u g h  
i d e a l i z e d  a p p r o a c h e s  f o r  c a l c u l a t i n g  k do  n o t  d i s t i n g u i s h  between i n p l a n e  and 
ou t -o f -p lane  c a s e s ,  it h a s  been s t~own (Ref. 14) t h a t ,  f o r  YO-degree e l b o w s  w i t h  
s t r a i g h t  p i p e  e x t e n s i o n s ,  t h e  ou t -o f -p lane  f l e x i b i l i t y  f a c t o r  d i f f e r s  c o n s i d e r a b l y  
from t h e  i n p l a n e  f a c t o r .  I n  a d d i t i o n ,  1ai;ny p i p i n g  systeos o f  p r a c t i c d l  i n t e r e s t  h a v e  
s t r a i g h t  s e c t i o n s  which a r e  n o t  so l o n g  ( r e l a t i v e  t o  t h e  e lbow a r c  l e n g t h )  as i n  t h e  
p l a n a r  sys tem o f  Example 1. We would e x p e c t  t h e  e l b o w  f l c x i b i l i t i e s  t o  become more 
i m p o r t a n t  t o  t h e  o v e r a l l  d y n a n i c  r e s p o n s e  f o r  s y s t e m s  w i t h  s h o r t e r  s t r a i g h t  s e c t i o n s .  
! 
,,. - Here we c o n s i d e r  a  colnplex 3-D p i p i n g  sys tem a l s o  b u i l t  w i t h  4-inch Cu-Ni p i p e .  
: As shown i n  F i g u r e  6, t h e  sys tem c o n s i s t s  of f o u r  s t r a i g h t  s e c t i o n s  and t h r e e  e l b o a  
! ( two  90-degree e l b o w s  and o n e  45-degree e l b o w ) .  llie p i p e  is f i l l e d  c o m p l e t e l y  w i t h  
F i g u r e  6 - F i n i t e  Elerr?nt Model o f  Non-Planar P i p i n g  System (Two Views) 
f r e s h  water. F l u i d  f r e e  suri 'aces a r e  assumed a t  bo th  e n d s  o f  t h e  system. (Experi-  
men ta l ly ,  such c o n d i t i o n s  cou ld  be s i m u l a t e d  approximate ly  by capping  t h e  ends  wi th  
f l e x i b l e  rubber  menbranes .~  The l o a d i n g  f o r  t h i s  system is a time-harmonic f o r c e  
a p p l i e d  to t h e  s t r u c t u r e  i n  t h e  a x i a l  d i r e c t i o n  a t  p o i n t  1. The e n t i r e  system is 
assumed t o  be f r e e l y  suspended.  No expe r imen ta l  d a t a  a r e  a v a i l a b l e  f o r  t h i s  system. 
Both beam and 3-D f i n i t e  e l a o e n t  a o d e l s  were prepared  f o r  t h i s  p i p i n g  system. 
?he beam model, which c o n s i s t e d  of 21 beam e l e m e n t s ,  had 154 DOF. Ttie j-D model 
( F i g u r e  6 )  had a b o u t  7500 DOF ( d r y )  and 9900 DOF ( f l u i d - f i l l e d ) .  me assuaed l o s s  
f a c t o r  used f o r  both  a n a l y s e s  was 0.02, independent  o f  f requency.  
The response  p r e d i c t i o n s  f o r  t h i s  sys tem are stmwn i n  F i g u r e s  7 and 8. S ince  
t h e  same p i p e  s i z e  is  used as i n  t h e  p l a n a r  sys tem,  t h e  lowes t  n=2 d r y  l o b a r  mode 
occur s  a t  t h e  sane  frequency,  1066 Hz. Th i s  p ipe ,  however, is f i l l e d  wi th  water 
r a t h e r  t han  o i l ,  s o  t h e  lowes t  f l u i d - f i l l e d  n=2 l o b a r  f r equency  is s l i g h t l y  lower ; 
867 Hz. 
F i d u r e  7 - A c c e l e r a t i o n  Response o f  Non-Pianar P ip ing  System: 
Drive Poin t  Aooelerance 
F i g u r e  8 - A c c e l e r a t i o n  Response o f  Non-Planar P ip ing  System: 
Trans fe r  Poin t  Accelerance 
The f l e x i b i l i t y  f a c t o r s  f o r  t h e  90-degree elbows i n  t h e  beam model were esti- 
mated from t h e  t a b l e s  pub l i shed  by Quezon and E v e r s t i n e  (Ref. 14) f o r  90-degree 
elbows wi th  v a r i o u s  l e n g t h s  of p i p e  e x t e n s i o n .  The f l e x i b i l i t y  f a c t o r s  f o r  t h e  
45-degree elbow i n  t h i s  system were es t ima ted  from s i m i l a r  t a b l e s  nc ' he ing  compiled 
f o r  45-degree elbows. (These  t a b l e s  w i l l  be pub l i shed  soon.) The f ' S i l i t y  
f a c t o r s  used i n  t h i s  beam a n a l y s i s  a r e  l i s t e d  i n  t h e  second and t h i r c  ~ l u n n s  o f  
Table 2. 
As seen  i n  F igu res  7 and 8, t h e  t w  a n a l y s e s  (bean  and j - D )  a r e  i n  v e r y  c l o s e  
agreement up t o  about  550 Hz, which is abou t  632 o f  i;he lowes t  n=2 f l u i d - f i l l e d  l o b a r  
mode (867 Hz) of' t h e  p i p e .  T!~is adreernent i n d i c a t e s  t h a t  t h e  bean model is a v a l i d  
model f o r  low f r e q u e n c i e s .  
SENSITIVITY OF RESPONSE TO FLEXIBILITY FACTORS 
1 
Here we use  t h e  beam model o f  t h e  non-planar  p i p i n g  system t o  d e t e w i n e  t h e  
: effects o f  e r r o r s  i n  t h e  f l e x i b i l i t y  f a c t o r s  used i n  t h e  a n a l y s i s .  A s  we i n d i c a t e d  
TABLE 2 - FLEXIBILITY FACTORS FOR NON-PLANAR PIPING SYSTM 
in  the preceding sec t ion ,  the f l e x i b i l i t y  f a c t c r s  used were based on tab les  fo r  90- 
degree elbows published by Puezon and Everstine (Ref. 14) and other ( a s  yet)  unpub- 
l ished tab les  for  4Sdegree elbows with various lengths of s t r a i g h t  pipe extensions. 
Because the  low frequency beam r e s u l t s  using these  f ac to r s  agree well w i t h  the 3-l) 
model r e su l t s  in  Figures 7 and 8, these  f l e x i b i l i t y  f ac to r s  a r e  considered reasonably 
accurate.  
ELBOW 
1 (YO-deg. SH) 
2 (90-deg. SR) 
3 (45-deg. LH) 
For comparison purposes, analyses were a l s o  rnade using tuo other s e t s  of f l ex i -  
b i l i t y  factors .  The f i r s t  s e t  was t h a t  calculated by the ELBOW cunputer program 
(Ref. 17). ELBCM is probably typ ica l  of the ideal ized approdches used b y  piping de- 
signers.  ELSOW'S f l e x i b i l i t y  f a c t o r s  a r e  i n  close agreement (Ref. 17) with the  
current  ASME code (Ref. j O j ,  which, f o r  zero in t e rna l  s t a t i c  pressure,  uses the 
re la t ion  
2 OR~GINAL PAGE 13 
k = 1-65 r / t R  OF POOR QUALITY (12) 
FLEMBILITY FACTORS 
where k is the f l e x i b i l i t y  f a c t o r ,  r is the mean radius,  t is the  wall thickness ,  and 
R is the bend radius.  The ELBOW program f l e x i b i l i t y  f ac to r s  a r e  l i s t e d  i n  colunn 4 
of Table 2. 
?he second addi t ional  s e t  o f  f l e x i b i l i t y  f ac to r s  used f o r  an ana lys is  was 
obtained merely by s e t t i n g  k = 1.0 for a l l  fac tors .  This analysis  would show the 
consequences of ignoring the  f l e x i b i l i t y  f ac to r  e f f e c t  en t i r e ly .  
BASED ON REF. 14 
The response predictions for  a l l  th ree  s e t s  of f l e x i b i l i t y  f ac to r s  a r e  shown i n  
Figure 9 ,  in whiclr the d r ive  p i n t  accelerdnces ( t h e  r a t i o  of deceleration t o  force)  
a r e  plotted over the frequency range 100 Hz t o  1000 Hz ( t h e  low frequency redime!. 
Figure 9 c l ea r ly  indicates  the importance of using accurdta f l e x i b i l i t y  f ac to r s  i n  
t he  analysis.  
ELB Ckl 
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We have described two d i f f e r e n t  f i n i t e  elaoent modeling procedures for predict-  
ing the  dynarnic response of general 3-D f lu id - f i l l ed  e l a s t i c  piping systerns. lhe 
beam model, a ' ~w frequency procedure, was, for the non-planar system considered, 
Dm Pip. 
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- - - Flexibi l i ty  Faatom by IbKW (Rot. 17) 
. . . . . F l e d b i l i t y  Factor Bffmt I(aor0d (k8l.O) 
F i g u r e  9 - S e n s i t i v i t y  o f  Non-Planar P i p i n g  System Response t o  F l e x i b i l i t y  F a c t o r  
Y 
a 
I( 
2 
v a l i d  f o r  f r e q u e n c i e s  up to  a b o u t  63% o f  t h e  l o w e s t  f l u i d - f i l l e d  l o b a r  ( n = 2 )  p i p e  
mode. For  f r e q u e n c i e s  between t h a t  and 100% o f  t h e  n=2 mode, t h e  g e n e r a l  f i n i t e  
e l e m e n t  mode l ing  p r o c e d u r e  d e s c r i b e d  c o u l d  be used .  For still h i g h e r  f r e q u e n c i e s ,  
where t h e  modal d e n s i t y  is h i g h ,  t h e  f i n i t e  e l e m e n t  a p p r o a c h  r e m a i n s  t h e o r e t i c a l l y  
v a l i d ,  b u t  t h e  a n a l y s t  is p r o b a b l y  wiser t o  u s e  s t a t i s t i c a l  e n e r g y  a n a l y s i s  (S. E.A.) 
t e c h n i q u e s  ( R e f .  31 i n s t e a d .  The S.E.A. t e c h n i q u e s  a r e  p a r t i c u l a r l y  w e l l  s u i t e d  t o  
t h e  h i g h  modal d e n s i t y  r e g i m e .  
(See Table 2) 
a 1 a . a A 
It was shown t h a t  t h e  a c c u r a c y  of  beam a n a l y s e s  o f  p i p i n g  s y s t e m s  d e p e n d s  
s t r o n g l y  on t h e  a c c u r a c y  o f  t h e  f l e x i b i l i t y  f a c t o r s  used .  Such f a c t o r s  are n o t  
r e q u i r e d  i n  t h e  j - D  f i n i t e  e l e m e n t  ~ o d e l  s i n c e  t h e y  a r e  i m p l i c i t  i n  a s h e l l  model o f  
t h e  p i p e .  
F i n a l l y ,  t h e  beam a n a l y s e s  p r e s e n t e d  h e r e  used s t r a i g h t  beams t o  model t h e  b e n d s  
( e l b o w s ) .  It would c l e a r l y  be p r e f e r a b l e  t o  u s e  i n s t e a d  c u r v e d  beam e l e m e n t s ,  i f  
a v a i l a b l e  . 
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